We give two lower bounds on the largest order of an arc-transitive graph of diameter two and a given degree.
for any ∆. Here the equality holds only when ∆ = 1, 2, 3, 7 and possibly 57, and for all other ∆ we have N (∆, 2) ≤ ∆ 2 −1 [7] . Regarding lower bounds, it is known [3] that N (∆, 2) ≥ ∆ 2 −∆+1 for every ∆ such that ∆ − 1 is a prime. In [6] it was proved that, for ∆ = (3q − 1)/2 with q a prime power congruent to 1 modulo 4, we have
This bound came with the discovery [6] of an infinite family of vertex-transitive graphs (now well known as the McKay-Miller-Širáň graphs) with degree ∆ = (3q −1)/2 and order 8(∆+(1/2)) 2 /9.
Such extremal graphs are not arc-transitive except the Hoffman-Singleton graph. This is because, apart from this exceptional case, all McKay-Miller-Širáň graphs admit a nontrivial partition [4, Lemma 17] with cross-block edges which is invariant under the automorphism group, but on the other hand there are edges [4, Definition 11] with end-vertices in the same block of the partition. Thus the lower bound in (2) may not apply to N at (∆, 2). In [1] , it was proved that for ∆ = 2q − 1 with q a prime power not congruent to 1 modulo 4,
Recently, a significant improvement over (2) was made in [9] , whereŠiagiová andŠiráň proved the existence of a Cayley graph of degree ∆ = 2 2m+δ + (2 + δ)2 m+1 − 6, diameter 2, and order greater than ∆ 2 − 6 √ 2∆ 3/2 , where m is any positive integer and δ = 0 or 1. This implies, for ∆ of this form,
Again this bound may not apply to N at (∆, 2) since the extremal graphs [9] are not arc-transitive. In view of (1)- (3), it is natural to ask [11] whether a lower bound on N at (∆, 2) of order O(∆ 2 ) exists for infinitely many ∆ or even any ∆. We record the following observations, the first of which answers this question in the affirmative.
(b) For any 0 < ε < 1, there exist infinitely many odd integers ∆ of the form
, where q is an odd prime power and d ≥ 3/ε is an odd integer, such that
We remark that the arc-transitive graphs proving these results are not new. Nevertheless, it seems that these bounds have not been noted before; they are among the first general lower bounds for N at (∆, 2) as far as we know. It is our hope that these observations may inspire further studies on the degree-diameter problem for arc-transitive graphs.
The graphs proving (4) are the well known Hamming graph H(2, q) (where q ≥ 2 is an integer), namely the graph with vertex set Z 2 q such that two pairs are adjacent if and only if they differ in exactly one coordinate.
The lower bound (5) is obtained by using a result in [10] . Proof of Proposition 1: (a) Since H(2, q) is arc-transitive (see e.g. [8] ) with diameter 2, degree ∆ = 2(q − 1) and order q 2 = (∆/2 + 1) 2 , we obtain (4) immediately. Note that ∆ ≥ 2 can be any even integer since q ≥ 2 can be any integer. 
, we have q ≤ ∆ 1/d and the equality holds if and only if d = 3. Thus, for this ∆, we have
and the equality holds if and only if d = 3 and q = 2. Therefore, for any 0 < ε < 1, any prime power q, and any d ≥ 3/ε, we have
In particular, if both d and q are odd, then ∆ is odd and therefore (b) is proved. ✷ Note that ∆ is even when d or q is even. Although (5) is still valid in this case, in general it is inferior to (4) in this case.
In view of the discussion above we pose the following question.
Question 2.
Are there infinitely many integers ∆ ≥ 2 such that
for some function f with f (x)/x 2 → 0 as x → ∞?
